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1. Introduction 

An interesting subclass of the boundary r— matrices is given by the 
generalized Jordanian r— matrices of Cremmer-Gervais type which are 
the boundary points of SL n adjoint action orbits containing skew- 
symmetric Cremmer-Gervais r— matrices [1,4]. Explicitly, these bound- 
ary points in the sl n Cartan-Weyl basis are the following 

n— l j—i—l 
r p = 51 Dp A E PjP+ i + X] Eij- m +i A Ej t i +m , (1) 

p=l i<j m=l 

where 

Dp = — —!-(Eii+E22-\ \-Epp) — — (Ep+i i p+i+E p +2j>+2-\ \-E nn ). 

Each r p defines the structure of Lie Frobenius algebra (a Lie algebra 
with a nondegenerate 2— coboundary [4]) on the maximal parabolic 
subalgebra p C sl n generated by the Cartan subalgebra and all the 
simple root generators excluding E nn —\. In this letter we construct 
the twists and the universal Rp— matrices if n = 3,4. The concrete 
R— matrices R v arise when one restricts R v = Fp 21 F v ~ 1 to a particular 
sln representation V. It was observed [1] that if V n is the linear space 
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of polynomials of the degree < n then R Vn are related to rational 
degeneration of the Ueno-Shibukawa operators and one obtains R Vn 
explicitly. Thus this letter gives an answer to the next question what 
the universal R— matrices are in two first cases of physical interest, the 
genuine Cremmer-Gervais case n = 3 and quantization of the com- 
plexified conformal algebra o(4, 2)c ~ 5(4. The paths of constructing 
the parabolic twists, as we name F p following [10], are almost paral- 
lel in both cases and below we describe them uniformly. We consider 
U^(s\ n -i), the Drinfeld-Jimbo quantization U q {s\ n -\) deformed by the 
abelian twist /C, and propose a method of constructing the affine twists 
allowing nontrivial specialization in the limit q — > 1. The construction 
we follow is based on factorization of a chosen singular trivial twist 
F n -i := (W„_i <g> W n _i)A^(W-_ 1 1 ), with W n _i € l/f (aVi), into sin- 
gular cfr^ 1 _ and nonsingular F^_ l parts such that F ra _i = •F^. 1 . 

Among all the factorizations we find the one such that F^_ l is a twist 
equivalent to an affine version of the Cremmer-Gervais twist or its $U 
analog [5, 7, 9]. The final step in our approach is rational degeneration 
of F^_ 1 which we denote F^_j_ and construction of a homomorpism 

t"n— 1 Such that (i-n— 1 ® L-n—1 

1) is a twist on U^ n (sl n ), where ^f n 
turns out to be the semi-classical twist found in [8]. The final twist on 
U(sl n ) is obtained as the composition <8> t„_i)(i 7 ^ flf 1 ) • Vl/ n . 



2. Quantum affine twists for U q {s\2) and U q {slz) 

Fix the central charge c = 1 in the defining relations of U q (sl n ). Let 

A = ( 2 ^\o. 3 ) ) • ■ 1 ^ e ^ e tartan matrix of s\ n and {aj}i=o,...,n-i be 

the set of all simple roots of sl n with the symmetric scalar product (-|-) 
on it. With these assumptions the relations defining U q (sl n ) over the 
field of rational functions Q(q) are the following 

qh a0 qh ai _ _ _ ^a„_i _ 1 q h "iq ha j = q ha j q h "i 

q h "ie± aj q- h «i = q ±{a ^e ±aj , [e ai , e_ Q ,] = <% g "j jj,/' 

e±aie± ai = e± aj e±^ if |i - j| ^ 1 (mod n) 

[e± ai , [e± ai ,e± aj ] q ] q -i = if |i-j'| = l (mod n),n>2 

[e± ai , [e± ai , [e ±ai ,e ±Qj ]g2]] g -2 = if \i-j\ = l (mod n),n = 2 
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and the q— commutator is defined as usual 

[C,D] q = CD-qDC, [C,D] = [C,D] X . 

U q (sl n ) is a Hopf algebra. The comultiplication is uniquely defined by 
fixing its value on q— Chevalley generators 

A(e ai ) = q~ ha i ® e ai + e ai ® 1, A(e_ a .) = e„ ai ® q h -i + 1 e_ Qi 

A(q ha i) = ^ (g) q ha i. 
It is convenient to use the following notation 

(z)(i) := x <g> 1, 0*0(2) := 1<8>x 
and its modified version 

(aO<i> := ( id ® P^-JA^), (^)<2> := (pr^ n _ 1 ® id)A(x) 
(x)<3> ■= ((id - pr^ n _J <8> (id - pr Xn l ))A(x) 
where W Kn l the ?7 ? (s[ n ) projector to K n _ x := Q(q)[q ±ha i] i= i,..., n -i- 
2.1. An affine twist for ?7 9 (5[ 2 ) 

Introduce a topological Hopf algebra £^ 2 H[C]] as a completion in the 
formal series topology of the following subalgebra 

^ (2) == { E c luh>l3 (e^q ±l ^(e s ^\c lul2 , l3 € Q(g)} C U q (k 2 ) 
h,hM>0 

and consider a trivial twist 

F 2 = (W 2 ®W 2 )A(W 2 1 ), 

c c 2 

W 2 = ex P(?2 ( — e 5 - a )exp q -2(—-^ q' ha e^ a ) £ [[(}}; 
y 1 — q z H 1 — q z 

where 5 = ao + a. Along with the nonsingular q— exponent we make use 
of its singular version e q 2(z) := exp g 2(j^p z) and of several results of 
q— calculus [3, 6] concerning its properties: 

— If [x, y] q 2 = then 

e q 2(x + y) =e q 2(y) -e g 2(x), (e^x))" 1 = e q -2(q- 2 x). (2) 
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— If [u, [u,v]] q 2 = [v, [u,v]] q -2 = then 

e q2 (u) ■ e q2 (v) = e q2 (v) ■ e q2 ( - ^ ^ 2 [u,v]) ■ e q 2(u). (3) 

— The Heine's formula holds 

(l-„)M= v („)( v („,-*))-i (4) 

M ._ i , V (-^) g 2 (-^+ 1 ) g 2 ---(-^ + fc - 1 )g 2 ?; fc 

where (-« + l) q2 = (q-^ 1 - l)/(g 2 - 1). 
Proposition 1. 

where Ff £ {K x <g> £> (2) )[[C]] is a twist and 

$ W2 = Ad(W 2 ®W 2 )(e q2 (-( 3 e S - a q- ha ®q~ ha e-a)) = M{W 2 ®W 2 ){<S> 2 ) . 

Proof. Using (2) and the coproducts 
A(e a _ a ) = q ha ® e 5 - a + e 5 _ a ® 1, A(e_ a ) = e_ a S^ + lg e^ a . 
F 2 factorizes into the product of q— exponents 

(W 2 ® VF 2 ) • e g2 (C 2 (g-^e_ a ) <1> ) • e q2 (( 2 (<r^e_ a ) <2> )- 

( 5 ) 

e g -2(9 _2 C (e«- a )<i>) • V 2 0? 2 C (e(5_ a )< 2 >). 
Let us focus on the following product 

e g 2(C 2 (^e_ a ) <2> ) ■e q - 2 (q-\(es- a ) <1> ). (6) 
Applying (3) to 

V 2 (q- 2 ( (e*_ a )<i>) • e g - 2 (q- 2 ( 2 (g _/la e_ a ) <2> ) 

= e q - 2 (q~ 2 ( 2 {q' ha e_ a ) <2> ) ■ $2 1 ■ e q - 2 {q~ 2 Q {e S - a )<i>) 

we can flip the q— exponents in (5) and after collecting them using (2) 
we come to 

F 2 = • e q2 (U) ■ e q - 2 (q' 2 q^W U) (7) 
where U = ( (e*_ Q )( 2 ) + C 2 {q~ ha e- a )<2>- 

The final step in the proof is application of the Heine's formula that 
leads to an explicit form of Ff 

Ff = (1 - C (e S -a) { 2) - C 2 {q- h «e- a ) <2> ) { p ha)m 
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that satisfies the Drinfeld equation according to [7]. 

Remark. By Proposition 1 Fp is equivalent to $2 and the lat- 
ter is the Cremmer-Gervais twist as it is seen from [9]. In Propo- 
sition 2 we give a proof for the case U q (sls) and indicate what are 
the simplifications one needs to take into consideration to adopt it for 
U q (sl 2 ). 

2.2. An affine twist for U q (sl 3 ) 

Let us deform the coalgebraic structure of U q (slz) by the following 
abelian twist 

j£ = q%h a ®ha + Qh a ®h0+Qhp®h a +lhp®h0 

the convenience of this choice will be justified by Proposition 2 (see 
also [5]) 

Ac(e^) = q ha+p ® e-p + e_g ® 1, A/c(e- a ) = q~ h o ® e„ a + e_ a <g> 1 
Ax;(e Q ) = e a <g> q^+z 3 + 1 ® e Q 

A/ C (e (5 _ a _ / 3) = e 5 _a-/? (g) g - ' 1 / 3 + 1 ® e^-^ 
Ax;(e 5 -^) = ® + 1 ® e S -p + (1 - q 2 ) e Q ® e 5 - a - P q h ^ 

/S.K.(e-a-p) = q~ h " <S> e- a -p + e.- a -p ® 1 + (1 - g~ 2 ) e-pq~ h v <8> e_ a 
where 5 = qo + a + /? 

e- a = 9 2 ^e.Q, e Q = e Q g 2 "+Z 3 , es- a -p = q 2 a+fi es- a -p 
h-p = e a es- a -/3 - q 2 e S - a -[3e a , e,- a -p = Z-pZ-a. ~ <7~ 2 e_ Q e_g. 

Remark. JC preserves the composite root generators in the sense that 
e«5- Q = e a es- a -[3 - qes- a -f3e a , e_ a _ f3 = e_pe- a - q~ x e~ a e_p. 

Denote by K' 2 the minimal algebra containing K2 U {e Q } over Q(q). 
Introduce a subalgebra C U q {slz) generated by all finite linear 
combinations with coefficients in Q(q): 

E c Jli ... iJ6 (e_ /3 )' 1 (e- Q -/j) ,2 (e-a) i3 ^(e^) ,4 (^_ Q _ / 9) iB . 
!i,...,Z 5 >0 
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If we complete up to £>®[[C]] and choose the following element 
W 3 = 

e q2 (C q h « e 5 -p)e q 2 (- - _ ^ q h e e S - a -p){e g 2 (-C 2 e_ /3 )e <?2 (-C e_ Q )e g2 (-C 2 

defining the trivial twist 

F 3 = {W 3 ®W 3 )A IC (W 3 - 1 ) 
then similarly to Proposition 1 we can formulate 
Proposition 2. 

EL — 

w/iere F 3 afr € (^2®2? (3) )[[C]] is « and $w 3 = Ad(W 3 <g>W3)(AiA 2 A3) 

-1M -l£3 

Ai = exp g2 (- _ ^ 2 2 es-a-p <g> e_^) • exp g2 (- _ ^ 2 2 es-a-p <g> e_ Q ) 
C 4 

A 2 = exp g2 ( _ ^ 2 e~ a -p), e s _p = [e a , e 5 - a -p] 
A3 = exp g2 (-((<? - q' 1 ) e a (g> e-p). 

Proof. A general idea of factorization of F 3 is to move factors from 
/S.)c(W 3 l ) containing identity in the second tensor factor to the left 
in order to form Using explicit form of the coproducts and the 

commutation relations [e a ,es-p] = [es- a -p, &s-p] = 0, we expand 
A^(W 3 _1 ) into the product of q— exponents using (2). According to 
the strategy of factorization we follow, first we flip the following two 
q— exponents from A^(W / 3 _1 ) by introducing the factor A3: 

V(~C 2 (e-/3)<2>) •e 9 2(-C(e_ a ) < i > ) = 

Ad(Ag)- 1 (e g2 (-C(e- a )<i>) -e, 2 (-C 2 <f h * ® e^)) . 
The latter is seen from the relation 

C 2 q h °+e <g> e.^ + C e_ a ® 1 = Ad(Aa)- 1 (( e_ a ® 1 + C 2 e^) 
if one notices 



q-q 1 



and applies (2). Then we move A3 to the right of A/c(W 3 1 ) by applying 
(3) and the commutation relations 

[es-p, e a ] = 0, [e S -p, e-p] = 0, [es-/3, e S - a -p] = 
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until we arrive at the following form of F 3 
iW 3 ® W 3 )Aj Hv(-C 2 e-/3) • e ?2 (-C e_ a ) • e g2 (-C 2 e_ /3 ))<i> • 
V(~^ 2 ^e./j) •e g 2(-C(e_ a )<2>) • exp g2 (-q" 1 ^ e a q~ h f 3 <g> e- a -p) ■ 

e </- 2 (-f-^2 (q h Pes- a -p)<i>) • A3 • e q -2(q~ 2 C {q h « e 5 -l3)<i>) ■ 



1-q 2 

e q2 < 2 



T^ 2 , hi 



g2 (-C (e- 1 9)<2>)-e r a(- j-^ (g "e < 5_ a _^) <2 >) • 
e g -2 (<T 2 C e5- J s)< 3 >) • e,-2 (g~ 2 C ei_ i g)<2>). 
Next step is the appearance of A 2 1 from the relation 



-1/-2 - -hi ~ - x „ / 1 C 



exp^-g V e a q ? ® e.- a -p) • e g -2(- — ^ 2 (g ^ e 5 _ Q _ /3 )<i>) = 
A^ 1 • <V 2 (- -,__ 2 e«5- a -/3)<i>) • exp g2 (-g _1 C 2 e a q~ h <g> e_ a _p) 



holding by [e S - a -p,e' s _p\ q -2 = [e a ,e' s _p] q 2 = and by (3). We move 
A^ 1 to the left of F 3 using (3) and the necessary for it relations 

[e- a , e-a-p] = [e-p, &- a -p\ = 0, [e' s _p, e_ Q ] = -q e S -a-pq~ h0 

and form which leads to appearance of Af 1 and results in the 

following form of 

F 3 = (9) 

$i^(l®W 3 )-e, 2 (-C 2 q~ h P ®e_ /3 )-e g 2(-C(e_ Q )<2>)- 
exp g2 (-g~ 1 C 2 e a q~ h c> ® e„ Q _ /3 ) • A 3 • e 9 2(-C 2 (e_p) <2> )- 



-V 2 
l-g 2 

-2/- („h±; 



V 2 (~ i _ 2 (g fe/3 ^-^/3)<2>) ■ V 2 (^ 2 C(9 /la e <5 _^) <3> )- 



e g ~2(9 CO? a e <5 _ /3 ) <2 >). 
The last steps will be to note that 

[(e ? - 2 (-g- 2 C e_ a ) • e g - 2 (-g- 2 C 2 e-/j)) , 

e (?2 (-C 2 g~^®e_^)-e ? 2(-C(e_ Q ) <2 >)] =0 
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and rewrite F3 in the following form with the help of (3): 
$W 3 ■ (v(C fth-p) ■ e q -2(-q~ 2 ( 2 e-p)) ■ 
e g2 (-C 2 q~ h ? ®e-p)-e q -i(q~ 2 ( ft ® ft e 6 -p)- 

V(C ft ®q h «es-p) ' e i 2 (~ i_ q 2 iftes-a-p)(2)) • v( _ C(e- a )<2>)- 

e q -2(-q' 2 C (e_a)( 2 )) ■ e,-a(-g- 2 C (e_ /9 )( 2 )) ■ ■ ■ 

where we have inserted 

e ? -2(<r 2 C 2 ®q h °es-f,) -e^ 2 q h <> ® q h ° e S -f,) = 1 (10) 

and • • • means third, forth and fifth lines in (9). The final transformation 
is to move the second q— exponent in (10) to the right of F3 so that to 
apply the Heine's formula by the same trick as we did for F 2 . F3 = 

*S • (1 -afte 5 - P ) ( 2)+e Q- {h ^(e-p) { 2)P hfAl) ■ (1 + ^ 2 C(e a )( 2 ))^ )(1) - 
exp (?2 (-g- 1 C 2 e a q~ h e ® e- a -p) ■ A3 ■ e q -2(q~ 2 ( (q h " e 5 _^) <3> )- 

(1 - g- 2 C(^e,_ /3 ) <2> + <r 2 C 2 (e,) (2) )^ )(1) . 

Once we have factored F 3 we can give a simple proof of the Drinfeld 
equation 

(Ff) 12 (A ® id)(F aff ) = (F aff ) 23 (id A)(F 3 afr ). 
From the factorization we know that 

(F 3 aff ) = (W 3 ® Wa^A^^f 1 ) (11) 
where $3 := AiA 2 A3. Let us consider the Drinfeld associator 

Assoc(F 3 aff ) ee (F 3 aff ) 23 (id ® A)(F 3 aff )((F 3 aff ) 12 (A ® id)^))" 1 (12) 
then 

Assoc(F 3 aff ) G (^ ® I)( 3 ) ® P (3) )[[C]]- (13) 
On the other hand by (11) we have 

Assoc(F 3 aff ) = (W 3 ® W3 ® W 3 )Assoc($3)(W 3 -1 ® W 3 _1 ® W 3 -1 ) (14) 

Denote by pr^, the projection of £> (3) [[C]] to K^[[C}]. Thus by (13) 

Assoc(F 3 afr ) = (pi K , ®id®id)(Assoc(F 3 afr )) 



samsonovm.tex; 1/02/2008; 21:14; p. 8 



Semi-classical twists for 3(3 and SI4 boundary r— matrices 9 

and using explicit form of <£ 3 and W3 we deduce that Assoc(F3 ff ) is 
equal to 

(pr^,(g)id®id) (V 3 ® 3 ($ 3 )23(id ® A)(A 3 )((A 3 )i2(Ai)23(A2)23(A ® id) (A3)) 
and the latter is 1 <8> 1 <8> 1. 

Remark. In the case of FJ 1 * the proof of the Drinfeld equation is 
similar and one needs to use projection to K\ and follow the same lines 
as we did for Ff 



3. Rational degeneration of F^_ 1 , n = 3, 4 

3.1. Rational degeneration of F 2 aff 
(2) 

Introduce V K A {[(]] as a completion in the formal series topology of the 
following Hopf subalgebra in U q {s\2) 



-,±h a _i^ h 



V A-={ E Qi,fa,fa(e-a) h r (e 5 - a ) l *\c hM3 e A} 

h,l 2 ,h>0 \ q ) 

where A := Q[q, 9 be the ring Q[q, q^ 1 ] localized at (q — 1) (the 

subring of rational functions nonsingular at q = 1). Then consider the 

(2) 

subalgebra T\ [Q generated over A[C] by the following elements 

„±h a _ 

H± a = — , f = {q~ 2 - 1) q~ ha e- a , h = e 5 - a + C q~ ha e- a 

q - 1 

{ Q~ ha — l\ 

where q~ ha = 1 + (q - 1) . 



The specialization T A q=1 [£] = T\ [£]/ (q — 1)^4 [C] ^ s a Hopf algebra 
with the following structure 

[l r a ,7 1 ] = -27 1) [H a j ] = -2j , 7i7o-7o7i = -c72 ( 15 ) 
a(7i) =7i®i + i^7i+^®7 , (i6) 

and -ff -a, = —H- a , f are primitive. The relations (15) define ^ 9=1 [C] 

as an associative algebra with the basis {/o-ffL/]T}fc,«,m>o over Q[C] 
obtained by specialization q = 1 from its quantum version. Comparing 
the semi-classical basis with its quantum analog {(fo) k (H a ) l fi l }k,l,m>0 
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we deduce that (15) are the only relations defining q=1 [Q. Complet- 

™ZF { Z=ilC] up to a topological Hopf algebra ^ =1 [[C]] := {^ q=1 [C])[[C}} 
we see that Ff given by 

Ff = (1 ® 1 - C 1 ® /i - C 2 (h a /2) q -2 ® /o)^^ 

can be specialized to a twist of J 7 ^ q=l [[(]] where it is given by the 
formula of [7] 

Ff = (1 ® 1 - C 1 ® 7i - C 2 (^a/2) ® 7o)"^ a01 - (17) 



3.2. Rational degeneration of F 3 aff 
Let 

V ( a ] := E Q 1 ,...,/ 5 (e- /3 )' 1 (e^- /3 )' 2 (e- a )' 3 ^ 2 / (e (5 _ /3 )^(e ( 5_ a „ /3 )' 5 
h,...,h>o 

q ±h " - 1 

where Q lv ..,z 5 € A is an algebra generated by H± a = — , 

±hj; , 

1 Q — 1 (3) (3) 

H±p = — and e a over A Complete Tr^ up to V y A [[(]] and 

consider the Hopf subalgebra 

^ 3) [C] := { E Qi,...As(/2) ,1 (/o) la (e-a) ,8 ^(/s) ,4 (/i) ,B |ci 1> ... > i B € AC]} 
h,-,i5>0 

(18) 

where 

fo = (q~ q" 1 ) e- a -p, fi = q h P es-a-p + <? _1 C e- a -p 
h = (! - <T 2 ) e-/3, /3 = q h <*es-p ~ C e-/?- 

Proposition 3. Ff restricts to a twist ofT { J ] [[C]} := (^ 3) [C])[[C]]- 
Proof. Note that by (2) we have the following identity 

exp g2 (-g" 1 C 2 e^"^ <8) e.Q./g) = exp (?2 (C 2 e Q ^ - - ® / )- 

-1/-2 „fe 



exp 9 - 2 (-(? X C 2 9 a e« ® e_ Q -/3) 
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which allows to bring F^ s to the following form 



(i®i -c i®h-c{hj/2) q -2®f 2 y q2 

1 

~ + q 



(10 1 + q-\ 1 ® e.^^^ • exp g2 (C 2 e Q ^ — ^ ® /„)■ 



exp 9 -2(-C ^«e a /i) • exp (?2 (-gC e a <g> / 2 ) 
(10 1- g- 2 C ^ h ~ C 2 ( ^/2), 2 ® h)% 
correctly defined on [[£]]. 



The semi-classical twist F^ s is obtained by specializing q = 1: 

(i (g> i - c i ® 7 3 - K 2 ^ ® 7 2 ) ( ~^® 1) • (i ® i + c 1 Ljt-^w). 

cxp(^ C 2 S a (#i + Hp) ® 7 ) • exp(-C I a ® 7i) ■ exp(-C I a ® 7 2 )" 

(i ® i - c i ® 7 3 - K 2 ® / 2 )(^-^)®i). 



4. Universal quantization of n = 3, 4 generalized Jordanian 

r— matrices 

Let us denote by U (si n )[[C]] the completed universal enveloping al- 
gebra t r (sl n )[[C]] with the twisted coproduct 

A*„(-) = *nA(-)*- 1 . 

Proposition 4. There exists a twist \I/ n in f/(s( n ) [[("]] and a homomor- 
phism i n -\ such that 

»n-i:^Sl[[C]]-»^*-(«In)[[C]]- 

Proof. If n = 3, then choose the extended Jordanian twist [8] 
^ 3 = exp(C -E32 ® £i 3 e" ,7l2C ) • exp(L>! ® a^) 

where = l n (l ~~ C-^12) an d -E^- are the elements of U (s( n ) corre- 
sponding to the elements of Cartan-Weyl basis of sl n . In the deformed 
U^ 3 (sl3 )[[£]] we find the following elements and their coproducts 

A* 3 (£ 2 3) =E23®l + l®E 2 3-2(D 1 (g> E 13 e~ a ™ 
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and Di, E\ 3 e^ a ^ with primitive coproducts. Define i 2 by its values on 
the generators of T\ q =1 [[C]] : 

L 2 (H a ) = -2D 1 , i 2 (f ) =E 13 e-^ V , i 2 (fi) = E 23 

and extend it to ^ 3=1 [[C]] as a homomorphism into (5(3) [[£]]• The 
defining relations (15) and coproducts (16) are preserved by t 2 , thus 
the statement holds in this case. Next, if n = 4 then take 

* 4 = exp(C E 32 <g> E 13 e~ a ™ + C £42 <8> E u e~ a ^ C ) ■ exp(L>i ® cr~ C ) 

and define t 3 : ^, =1 [[C]] -> ^ 4 (s( 4 )[[C]] by the following relations 

i 3 (ff a ) = A2 - 2D 3) t 3 (^/3) = Aj - 2D 2 , ^ 3 (7o) = -E u e-°ri 
^(7i) = ^24, ^(7 2 ) = ^l 3 e-^ C , t3 (/ 3 ) = £ 23 

t3(ej = --^43, ^(e_J = -E 3A 

where £34 = E 2 4 — ( E 3 4E\ 3 e~ u r2 . The only nonprimitive coproducts 

(3) 

of the generators in ^3(^4 q= i)[[C]] are the following 

^4,{E 23 ) = 

E 23 (g> 1 + 1 ® E 23 + ( (D 3 - 2D 2 ) <g> Eise - *" + ( E 43 ® Eue - ^ 
^^4(^24) = 

£ 24 ® 1 + 1 ® £ 24 - C (A + AO ® A 4 e^ CT ^ C - C E 13 e- a i2 ® £ 34 . 

Let us consider the structure of ^4 g= i[[C]]- As a topological Hopf 
algebra it is the completion of !Fj^ q=\[Q := 

{ E Q 1 ,..^B(72) /l (7o)' 2 (e_j Z3 (^) u (^)' 5 (ej' 6 (7 3 ) /7 (7i) i8 }- 

Ji,...,/ 8 >0 

(19) 

The coproducts of the generators and the commutation relations are 
obtained from their quantum counterparts 

A(7l)=7l®l + l®7l-C(^a+^)®7o + C7 2 ^^-a 

A(7s) = 7 3 ® 1 + 1 ® 7s + C Hp ®7 2 + c i a ® 7 0) 
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where we have written only the generators with nonprimitive coprod- 
ucts, 

[e Q >e_J = H a , [e Q ,7o] = -72> [e Q ,7i] = C J 2 + 13 + C ?2 H a 

[e a J 2 ]=0, |e a ,7 3 ]=0, [7o,e-J=0 

[7i,e_J = C 7o e_ a , [7 2 ,e_ a ] =/o> [7 3 , e_ Q ] = ~C7o - 7i + C 7 2 e_ a 

[/oj /l] = — C /o > [/oi / 2 ] = 0; [/oj f'3] = C / 2 /o 

[/l>/ 2 ] = 0) [flifs] = C / 2 /l) [/ 2 i/3l = C / 2 • 

To see that any other relation in .F4 ?=1 [[C]] follows from the introduced 

ones, we consider the quantum analogues of the commutation relations 

(3) 

as the ordering rules in J 7 ^ [[C]] with the normal ordering / 2 ^ /o -< 
i- a ~< H a ~< Hp -< e a ~< fs -< fi, then by the Diamond lemma [2] 

(3) 

any monomial m € Tj^ [[£]] can be brought to the form (18), indeed 
otherwise there would exist a nontrivial relation between the ordered 
monomials and any such relation must have zero coefficients as the 

(3) (3) 
normal ordering in J-j^ [[Q] compatible with the ordering in T>^ [[£]]: 

e-p -< e-a-p < e_ Q -< H a -< Hp -< e a -< e$-p -< h-a-p- Thus 
(3) 

any monomial in T\ q = i[[C]] can De uniquely ordered as well and no 

(3) 

additional relations come from T\ [[C]]- Now it is direct to check that 
the extension of i 3 to a homomorphism preserves the coproducts and 
relations in F^ [[£]]. 

The main new result of this paper is an explicit form of F v when 
n = 4 is obtained as F p = (z.3 <g) i 3 )(F^ s ) • ^4 and is the following 

(1 ® 1 - C 1 ® E 23 + ( 2 D 3 ® E lz e-^)(D^i) . (i 1 _ ^ 1 S34 )Ps®i). 
exp(-C 2 E 43 (D 2 + D 3 ) ® E u e- a i2) • exp(C £43 ® (£ 2 4 - C^ise - *" ))■ 
exp(C £43 ® ^i 3 e" a ^) • (1 ® 1 - C 1 ® £ 23 + C 2 ^ 2 ® Sige-^)^ 2 - 153 )® 1 )- 
exp(C £ 32 ® ^i 3 e _<T i"2 C + C E 42 ® E u e- a i2) ■ exp(L>i ® <7~ C ). 

Forming the universal i?— matrix i? p = Fp 21 F p _1 we obtain in the first 
order in £ the Gerstenhaber-Giaquinto n = 4 r p — matrix: 

Z?i A-E12 +-E14 A-E42 +-E13 A-E32 +-D2 A -©23 +-^ 2 4 A-E43 +D 3 A-E34 +-E'l3 A-E43 . 
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Note that there is a whole family of homomorphisms : 
ii a) (H a ) = D 2 -2D 3 , 4 a) (¥ /3 ) = D 3 -2D 2 , L ( 3 a) (f ) = ^ue"'" 
4 a) (7i) = ~^4, 4 a) (7 2 ) = E n e-^ C , 4 a) (7 3 ) = ^23 
4 a) (4) = a E 43 , 4 a) (^-a) = ^34 

and thus (4 a) ® 4 a) )( i? 3 aff ) • ^4 for any a^O leads to quantization of 
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